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Abstract. For a family of weight functions, h K , invariant under a finite re- 
flection group on R d , analysis related to the Dunkl transform is carried out for 
the weighted L p spaces. Making use of the generalized translation operator 
and the weighted convolution, we study the summability of the inverse Dunkl 
transform, including as examples the Poisson integrals and the Bochner-Riesz 
means. We also define a maximal function and use it to prove the almost 
everywhere convergence. 



1. Introduction 

The classical Fourier transform, initially defined on L 1 (R d ), extends to an isom- 
etry of L 2 (M. d ) and it commutes with the rotation group. For a family of weight 
functions h K invariant under a reflection group G, there is a similar isometry of 
L 2 (M. d , h 2 K ) , called Dunkl transform (0), which enjoys properties similar to those 
of the classical Fourier transform. We denote this transform by / in the following. 
It is defined by 

/(*)= / E(x,-iy)f(y)h 2 K (y)dy 

where the usual character e~ % ^ x,v ^ is replaced by E(x,—iy) — V K (e~ i< ''' v ' > ){x), in 
which V K is a positive linear operator (see the next section) . If the parameter k = 
then h K (x) = 1 and V K — id, so that / becomes the classical Fourier transform. 

The basic properties of the Dunkl transform have been studied in |3J |SJ 1131 HH) 
and also in ^1^5] (see also the references therein). These studies are mostly for 
L 2 (M. d ) or for Schwartz class functions. 

The purpose of this paper is to develop an L p theory for the summability of 
the inverse Dunkl transform and prove a maximal inequality that implies almost 
everywhere convergence. 

The classical Fourier transform behaves well with the translation operator / i— > 
/(• — y), which leaves the Lebesgue measure on R d invariant. However, the measure 
h? K (x)dx is no longer invariant under the usual translation. One ends up with a 
generalized translation operator, defined on the Dunkl transform side by 

^f(x) = E(y,-ix)f(x), xeR d . 
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An explicit formula for t v is unknown in general. In fact r y may not even be a 
positive operator. Consequently even the boundedness of r v in L p (Mr; h 2 K ) becomes 
a challenging problem. At the moment an explicit formula for r y f is known only 
in two cases: when / is a radial function and when G = Z d . Properties of t v are 
studied in Section 3. In particular, the boundedness of the t v for radial functions 
is established. 

For /, g in L 2 (R d ; h%) their convolution can be defined in terms of the translation 
operator as 

(/*«<?)(*)= / f(y)r x g v (y)hl(y)dy. 

JR d 

Based on a sharp Paley- Wiener theorem we are able to prove that f* K <fi £ converges 
to / in L p (M. d ; h 2 K ) for certain radial 4> , where <fi £ is a proper dilation of <p. This 
and other results are given in Section 4. 

The convolution * K can be used to study the summability of the inverse Dunkl 
transform. We prove the LP convergence of the summability under mild conditions, 
including as examples Gaussian means (heat kernel transform), Abel means and 
the Bochner-Riesz means for the Dunkl transform in Section 5. 

In Section 6 we define a maximal function and prove that it is strong type (p, p) 
for 1 < p < oo and weak type (1,1). As usual, the maximal inequality implies 
almost everywhere convergence for the summability. 

In the case G — Zf, the generalized translation operator is bounded on L p (M. d ; h 2 ). 
Many of the results proved in the previous sections hold under conditions that are 
more relaxed in this case and the proof is more conventional. This case will be 
discussed in Section 7. 

The following section is devoted to the preliminaries and background. The basic 
properties of the Dunkl transform will also be given. 



2. Preliminaries 

Let G be a finite reflection group on M. d with a fixed positive root system R +1 
normalized so that (v,v) = 2 for all v G where (x,y) denotes the usual Eu- 
clidean inner product. For a nonzero vector v G IR d , let a v denote the reflection 
with respect to the hyperplane perpendicular to v, xa v := x — 2((x,v) /\\v\\ 2 )v, 
x G R d . Then G is a subgroup of the orthogonal group generated by the reflections 
{a v : v G R+}. 

In yQ, Dunkl defined a family of first order differential-difference operators, T>i, 
that play the role of the usual partial differentiation for the reflection group struc- 
ture. Let k be a nonnegative multiplicity function v i— ► K v defined on R + with 
the property that k u — n v whenever a u is conjugate to a v in G; then v <— > n v is a 
G-invariant function. Dunkl 's operators are defined by 

vj(x) = dif(x) + V fc /W-ZO*^) ^^ \< l < d , 

where ei, . . . , Ed are the standard unit vectors of M. d . These operators map V d to 
V d _ x , where T>i is the space of homogeneous polynomials of degree n in d variables. 
More importantly, these operators mutually commute; that is, V{Dj — VjVi. 
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Associated with the reflection group and the function k is the weight function 
h K defined by 

(2.1) K(x)= 11 \(x,v)\ K % xeR d . 

This is a positive homogeneous function of degree 7 K := X^ei? Kv > anc ^ ^ 1S m ~ 
variant under the reflection group G. The simplest example is given by the case 
G = 1*2 for which h K is just the product weight function 

d 

K{x) = \[\xi\ K \ Kl >0. 

i=l 

The Dunkl transform is taken with respect to the measure h 2 .(x)dx. 

There is a linear isomorphism that intertwines the algebra generated by Dunkl's 
operators with the algebra of partial differential operators. The intertwining oper- 
ator V K is a linear operator determined uniquely by 

V K V n cP n , V H 1 = 1, ViV K = V K d h l<i<d. 

The explicit formula of V K is not known in general. For the group G = Zf, it is an 
integral transform 

f{xxtx, x d td) T\(l + ti)(l - tlT^dt. 

If some Ki = 0, then the formula holds under the limit relation 

km b x j /(t)(l - tf- x dt = [/(l) + /(-l)]/2. 

It is known that V K is a positive operator that is, p > implies V K p > 0. 

The function E(x,y) :— Vk [e^ x '^], where the superscript means that V K is 
applied to the x variable, plays an important role in the development of the Dunkl 
transform. Some of its properties are listed below (0). 

Proposition 2.1. For i,t/£ K", 

(1) E(x,y)=E(y,x); 

(2) \E(x,y)\ < e NI-W, x,y&C n ; 

(3) Let v{z) = z\ + . . . + zj, Zi e C. For z,w € C d , 

c h [ E{z,x)E{w,x)hl{x)e-^ 2 /2 dx = e {v{z)+ ^ w))/2 E{z,w), 

jR d 

where Ch is the constant defined by c^ 1 = J Rd h 2 K {x)e~^ x ^ l 2 dx. 
In particular, the function 



E(x,iy) = V^ 



e i{ x -,y) 



x,yeR d , 



plays the role of e %lyX ^ in the ordinary Fourier analysis. The Dunkl transform is 
defined in terms of it by 

(2.3) f(y)=c h [ f(x)E(x,-iy)h 2 K (x)dx. 
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If k = then V K — id and the Dunkl transform coincides with the usual Fourier 
transform. If d = 1 and G = %i , then the Dunkl transform is related closely to the 
Hankel transform on the real line. In fact, in this case, 

E(x, -iy) = r(« + l/2)(M/2)- K+1 / 2 [j K _ 1/2 (\xy\) - isign(xy) J K+1/2 (\xy\)] , 

where J a denotes the usual Bessel function 

("» «')-(i)"Sai^Tu(r 

We list some of the known properties of the Dunkl transform below ([HUH)- 

Proposition 2.2. (1) For f € L 1 (R d ; hi), f is in C (R d ). 

(2) When both f and f are in L 1 (R d ; hf.) we have the inversion formula 

f(x) = J d E(ix, y )f(v)hl(v)dy. 

(3) The Dunkl transform extends to an isometry of L? (R d ; h 2 K ) . 

(4) For Schwartz class functions f, T>jf(y) = iyjf{y). 

There are two more results that we will need. They require a little more prepa- 
ration. First we need the definition of /i-harmonics. The ft,-Laplacian is defined by 
A/j = T>\ + . . . + T>^ and it plays the role similar to that of the ordinary Laplacian. 
Let V d denote the subspace of homogeneous polynomials of degree n in d variables. 
An /i-harmonic polynomial P of degree n is a homogeneous polynomial P € V* 
such that AhP = 0. Furthermore, let H^(ft. 2 ) denote the space of /i-harmonic 
polynomials of degree n in d variables and define 

(f,g) K -=a K f{x)g{x)h 2 K (x)du{x), 



Js-*- 1 

a K - = / 5 „_ l h 2 K {x)dw. Then {P,Q) K = for P e 0.^1) and Q e H*_ v 
The spherical /i-harmonics are the restriction of ^.-harmonics to the unit sphere. 
The standard Hilbert space theory shows that 

oo 

l 2 (^) = E®«)- 

n=0 

Throughout this paper, we fix the value of A := X K as 

(2.5) A := 7 K + 2 2 with 7 K = k v . 

v£R + 

Using the spherical-polar coordinates x — rx', where x' € S 11-1 , we have 

P POO P 

(2.6) / f(x)h 2 K (x)dx= / / f{rx')hl(x')duj(x')r 2X " +1 dr 



from which it follows that 



c^ 1 = / h 2 K {x)e-^ 2 / 2 dx = 2^T(X K + l)a- 1 . 



The following formula is useful for computing the Dunkl transform of certain 
functions (|Sj)- 
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Proposition 2.3. Let f e H^h 2 ,), y G M. d and [i > 0. Then the function 

g(x) =a K [ f(0E(x, -i^)h 2 K (0M0 
satisfies Ahg = —fi 2 g and 

gix) = (-i) n f (^) (^) " Jn+A^IMI). 

We will also use the Hankel transform H a denned on the positive reals K+. For 
a > -1/2, 

' f Ja(rs) 2a+l / 



(2-7) H a f(s) := — r / /(r)-^-^r Za+ 'dr. 

V ' J W r(a + 1) Jo {rs) a 

The inverse Hankel transform is given by 



(2-8) f(r) = — / H a f(s)-^-^s 2a+i ds, 

r(a + l) Jo (rs) Q 

which holds under mild conditions on /; for example, it holds if / is piecewise 
continuous and of bounded variation in every finite subinterval of (0, oo), and ^/rf € 
L 1 (R+) (US p. 456]). 

Proposition 2.4. If f(x) = / (||x||), </ien /(x) = H x J {\\x\\). 
Proof. This follows immediately from l|2.6|l and Proposition ^. 31 □ 

3. Generalized translation 
One of the important tools in the classical Fourier analysis is the convolution 

{f*9)(x)= f(y)g{x-y)dy, 



which depends on the translation r y : f(x) ^ f(x — y). There is a generalized 
translation for the reflection invariant weight function, which we study in this sec- 
tion. 

3.1. Basic properties and explicit formulas. Taking the Fourier transform, 
we see that the translation r y f = /(■ — y) of R d satisfies T y f(x) = e~ l( > x > y <f(x). 
Looking at the Fourier transform side, an analogue of the translation operator for 
the Dunkl transform can be defined as follows: 

Definition 3.1. Let y e M. d be given. The generalized translation operator f t— > r y f 
is defined on L 2 {W 1 \h 2 K ) by the equation 

(3.1) rj(x) = E(y, -ix)f(x), x e R d . 

Note that the definition makes sense as the Dunkl transform is an isometry of 
L 2 (R d ;h 2 ) onto itself and the function E(y,—ix) is bounded. When the function 
/ is in the Schwartz class the above equation holds pointwise. Otherwise it is to 
be interpreted as an equation for L 2 functions. As an operator on L 2 (R d ; h 2 .), t v 
is bounded. A priori it is not at all clear whether the translation operator can 
be defined for LP functions for p different from 2. One of the important issues is 
to prove the L p boundedness of the translation operator on the dense subspace of 
Schwartz class functions. If it can be done then we can extend the definition to all 
LP functions. 
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The above definition gives r y f as an L 2 function. It is useful to have a class of 
functions on which (3.1) holds pointwise. One such class is given by the subspace 

A K (R d ) = {fe L 1 (M d ;h^.) : / e L 1 (R d ; h 2 K )}. 

Note that A K {M. d ) is contained in the intersection of L 1 (]R ci ; ft 2 ) and L°° and hence 
is a subspace of L 2 (R d ; ft 2 ). For / e A K (R d ) we have 

(3.2) r y f(x)= [ E(ix,OE(-iy,Of(Ohl(0^- 

JR d 

Before stating some properties of the generalized translation operator let us 
mention that there is an abstract formula for t v given in terms of the intertwining 
operator V K and its inverse. It takes the form of (^H]) 

(3-3) r y f(x) = V™ ® [(V~ 1 f)(x - y)] 

for / being Schwartz class functions. We note that V' 1 satisfies the formula 
V~ 1 f{x) — e^^^ f(x)\ y —o. The above formula, however, does not provide much 
information on r y f. The generalized translation operator has been studied in 
|13M15llT5] . In the equation l|3.3|l is taken as the starting point. 

The following proposition collects some of the elementary properties of this op- 
erator which are easy to prove when both / and g are from A K (M. d ). 

Proposition 3.2. Assume that f € A K (R d ) and g € L 1 (]R d ;/i 2 ) is bounded. Then 

(i) / rjiogmum = I mr-ygmKodt. 



(2) T y f(x)=r_ x f(-y). 

Proof. The property (2) follows from the definition since E(Xx,£) — E(x,\£) for 
any A € C. To prove (1) assume first that both / and g are from A K (M d ). Then 
both integrals in (1) are well defined. From the definition 

r y f(0g(0hl(m = [ ( [ E(ix,$E(-iy,Of{Ohl{ddt)g(x)hl{x)dx 

JR d \JR d / 

= / f(0g(-0E(-iy,0hl(0dti. 

JR d 

We also have 

m)T_ y g(Z)h 2 K (Z)dt = [ U E(iz,Z)E(iy,ffi($hUt)dt\ f(x)h 2 K (x)dx 

f(-0g(0E(iy,0h 2 K (0dz 

f(0g(-0E(-iy,0h 2 K (0d?. 



This proves (1) when both / and g are from A K (M. d ). 

Suppose now / £ A K (M. d ) but g is in the intersection of L 1 (M d ;/i 2 ) and L°°. 
Note that g G L 2 (M d ;h 2 : ) and so r y g is defined as an L 2 function. Since / is in 
L 2 (R d ; ft, 2 ) and bounded, both integrals are finite. The equation 

m)gmi(Odt= [ fiogmuodt 
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which is true for Schwartz class functions remains true for f,g£ L 2 (R d ; h%) as well. 
Using this we get 



T y f{x)g{x)h K (x)dx = / T y f(-x)g(-x)h K (x)dx 

E(y,-iOf(Qg(-Qhl(Odt. 



By the same argument the integral on the right hand side is also given by the same 
expression. Hence (1) is proved. □ 

We need to prove further properties of r y . In the classical case the ordinary 
translation satisfies 



f(x - y)dx = I f(x)dx. 
Such a property is true for r y if / is a Schwartz class function. Indeed 

T y f(x)h 2 K (x)dx = (V)(0) = /(O). 

Here we have used the fact that t v takes S into itself. For / 6 ^4 K (M d ) though r y f 
is defined we do not know if it is integrable. We now address the question whether 
the above property holds at least for a subclass of functions. 

For this purpose we make use of the following result which gives an explicit 
formula for r y f when / is radial, see JS]- We use the notation x' = #r for non-zero 

x e R d . 

Proposition 3.3. Let f G A K (R d ) be radial and let f(x) = /o(||x||). Then 

r v f{x) = K [fo (VlMI 2 + NI 2 -2||*|| \\y\\(x',-))] (y'). 

This formula is proved in |15) for all Schwartz class functions. However a different 
proof can be given using expansions in terms of h— harmonics. For that one needs 
to invert Hankel transforms of h— harmonic coefficients of / of various orders. Once 
we assume that / e A K (M. d ) it follows that all h— harmonic coefficients of / and 
their Hankel transforms are integrable so that inversion is valid. A special case of 
the above theorem is the following formula 

(3.4) T y q t (x) =e- t ^ 2+ ^E(2tx,y) 

where 

q t (x) = (2t)-^+#) e - t H-H 2 
is the so called heat kernel. This formula has already appeared in The other 
known formula for T y f is the case when G = Zif- 

Theorem 3.4. Let f S A K (Mr) be radial and nonnegative. Then r y f > 0,T y f S 
L 1 (R d ; h\) and 

T v f(x)h 2 K (x)dx = / f{x)h 2 K (x)dx. 



Proof. As / is radial, the explicit formula in Proposition 13.31 shows that T y f > 
since V K is a positive operator. Taking g(x) — e -4 " 1 " and making use of (|3.4|l we 

get 

/ T y f{x)e- t ^ 2 hl{x)dx = f f{x)er t ^ 2 + ^E(V^x 1 V^y)hl{x)dx. 
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As \E(x, y)\ < e l|a:|1 M we can take limit as t -> to get 

Jim / T y f( X )e^ 2 hl(x)dx = f f(x)h 2 K (x)dx. 

f ^ u JR d JR d 

Since T y f > 0, monotone convergence theorem applied to the integral on the left 
completes the proof. □ 

We would like to relax the condition on / in the above proposition. In order to 
do that we introduce the notion of generalized (Dunkl) convolution. 

Definition 3.5. for f,g € L 2 (R d ; hi) we define 

f*K9(x)= f f(y)r x g v (y)hl(y)dy 

where g y (y) = g(-y). 

Note that as r x g v £ L 2 (M. d ;h 2 ) the above convolution is well defined. We can 
also write the definition as 

f**g(x)= I m)g(0E(ix,0hl(0d?. 



If we assume that g is also in L 1 (R <i ; h 2 K ) so that g is bounded, then by Plancherel 
theorem we obtain 

||/*«S|U,2 < |blU,ill/IU,2- 

We are interested in knowing under what conditions on g the operator /—>/*« g 
defined on the Schwartz class can be extended to L p (R d ; h 2 K ) as a bounded operator. 
But now we use the L 2 boundedness of the convolution to prove the following. 

Theorem 3.6. Let g £ L 1 {R d \h 2 R ) be radial, bounded and nonnegative. Then 
r y g > 0,r y g £ L 1 (R d ; h\) and 



T y g( X )h K (x)dx = / g{x)h K (x)dx. 

JR d 

Proof. Let q t be the heat kernel defined earlier so that q t (£) = e~*"^l' 2 . By Plancherel 
theorem 

\\9**<lt-9\\l2 = I |fl(0l 3 (l-e- t|l€||1 ) a ^(0de 

JR d 

which shows that g * K qt — > g in L 2 {R d \h 2 K ) as t — > 0. Since t v is bounded on 
L 2 (M. d ; h 2 K ) we have T y (g* K q t ) — * r y g in L 2 (M. d ; hf.) as t — > 0. By passing to a subse- 
quence if necessary we can assume that the convergence is also almost everywhere. 
Now as g is radial and nonnegative, the convolution 



9* K qt(x)= g(y)T x q t (y)h K (y)dy 

JR d 

is also radial and nonnegative. We also note that g * K q t £ A K (R d ) as g is both 
in L 1 (M d ; h 2 ) and L 2 (R d ;h 2 K ); in fact g* K q t £ L 1 (M d , h 2 ) as q t £ A K (R d )&nd, by 
Plancherel theorem and Holder's inequality, ||g*"T?t|ki = ||?'3tlU,i < IMU,2|kt|U,2- 
Thus by Theorem 13.61 we know that r y (g * K qt)(x) > 0. This gives us 

Jim 7-3,(5 * K q t ){x) = T y g(x) > 
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for almost every x. Once the nonnegativity of T y g(x) is proved it is easy to show 
that it is integrable. As before 

, J g(x)e- t ^ 2 h 2 K (x)dx = [ g(x)e~ t ^ 2 + ^E(V^tx,V2ty)hl(x)dx. 

jR d 

Taking limit as t goes to and using monotone convergence theorem we get 

T y g(x)hl(x)dx = / g(x)h 2 K {x)dx. 

JR d 

This completes the proof. □ 

There is another way of proving the above result which avoids the intermediate 
steps. Assuming that J Rd g(x)h 2 i (x)dx — 1, our result is an immediate consequence 
of Proposition 6.2 in ^j.We are thankful to the referee for pointing this out. We 
are now in a position to prove the following result. Let L^ ad (K d ; hf.) denote the 
space of all radial functions in L p (R d ; h 2 K ). 

Theorem 3.7. The generalized translation operator r y , initially defined on the in- 
tersection o/L 1 (R d ; h 2 K ) and L°° , can be extended to all radial functions in L p (R d ; h 2 ?), 
1 < V < 2, andr y : L P ad (R d , h 2 K ) -> L p (R d ; h 2 K ) is a bounded operator. 

Proof. For real valued / G i 1 (M d ; h 2 ) n L°° which is radial the inequality — 1/| < 
/ < l/l together with the nonnegativity of r y on radial functions in L 1 (R d ; h 2 )r]L°° 
shows that \r y f(x)\ < r y \f\(x). Hence 

f(x)\h 2 K (x)dx < [ \f\(x)hl(x)dx < 

JR d 

We also have Ht^/H,^ < ||/|| Kj 2- By interpolation we get, as LP is the interpo- 
lation space between L 1 and L 2 , \\T y f\\ KtP < ||/|| K ,p for all 1 < p < 2 for all 
/ £ L^ ad (K d ; h 2 ). This proves the theorem. For the inerpolation theorem used here 
see HBJ. □ 

Theorem 3.8. For every f <E £r ad (K d ; h 2 K ), 

T y f(x)hl(x)dx = / f(x)h 2 K (x)dx. 



Proof. Choose radial functions /„ € A K (R d ) so that /„ — > / and r y f n — * r y f in 
I/^IH^; h 2 ). Since 



T y fn(x)g(x)h K (x)dx = / f n {x)T- y g(x)h K {x)dx 

JR d 

for every g e A K (R d ) we get, taking limit as n tends to infinity, 

T y f{x)g{x)h 2 .(x)dx = \ f(x)T_ y g(x)h 2 K (x)dx. 



Now take g(x) = e * II s * 1 II 3 and take limit as t goes to 0.. Since r y f G L 1 (R d ; h 2 ) by 
dominated convergence theorem we obtain 



Tyf(x)h K {x)dx = / f(x)h K (x)dx 

JR d 

for / G L 1 (M d ; h 2 .). □ 

We remark that it is still an open problem whether r y f can be defined for all 
fEL\R d ;hl). 
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3.2. Positivity of r y . As an immediate consequence of the explicit formula for the 
generalized translation of radial functions, if f(x) e j4 K (IR d ) is nonnegative, then 
Tyf(x) > for all y G R d ([T5]). 

One would naturally expect that the generalized translation defines a positive 
operator; that is, r y f(x) > whenever f(x) > 0. This, however, turns out not to 
be the case. For G = Z2, the explicit formula given in Section 7 shows that t v is 
not positive in general (signed hypergroup, see Below we give an example to 

show that T y is not positive in a case where the explicit formula is not available. 
It depends on a method of computing generalized translation of simple functions. 
The explicit formula (3.2) can be used to define r y f when / is a polynomial. 

Lemma 3.9. Let y 6 R d . For 1 < j < d, T y {xj} = Xj — yy, and for 1 < j, k < d, 

T y {xjX k } = (xj - yj){x k - y k ) - k ^ [V K ((x, y)) - V K ((xa v ,y))} . 

-UG-R+ 

Proof. We use (|3.4(l and the fact that T>jT y — T y T)j. On the one hand, since the 
difference part of T>j becomes zero when applied to radial functions, 



TyVje 



-2tT, 



({•},« 



(x). 



On the other hand it is easy to verify that 



T> 4 



-*(IMI 2 +IMI 2 ) 



E(2tx,y) 



2te- t ^ 2+ ^E(2tx,y)(y J - Xj ). 



Together, this leads to the equation 



(3.5) 



Ty ^Xjt 



= 2e~ 



^ 2+ ^E(2tx,y)(x j -y j ). 



Taking the limit as t — > gives T y {xj} 



Vi- 



Next we repeat the above argument, taking (|3.5|l as the starting point. Using 
the product formula for T> k 5, p. 156], a simple computation gives 



V 



kTy (. 



Xje 



( Xj - y 3 )e 



-K\UV+\\y\\ 



-*(IMI 2 +IMI 2 ) 



2t(xj - yj)(x k - y k )E(2tx,y) 



S kJ E(2tx,y) + 2 K v j^E(2txa v ,y) 



On the other hand, computing V k (xje l ^ x ^ ) leads to 



•AXie 



T v e 



-t\\xf 



k,j 



2 S K v 



V k Vj 



Hence, using (|3.4I) . the equation V k T y (xje * 1 1 ^ 1 1 2 ) = T y V k (xje 'IHI 2 ) gives 



Ty 1 XjX k e 



t\\xf) _ P -t(\\x\\ 2 +\\v\\ 2 ) 



( x j - Vj)( x k ~ Vk)E{2tx,y) 
v k Vj E(2tx,y) - E(2txa Vl y) 



Taking the limit as t — > gives the formula of T y {xjXk}- 



□ 



Proposition 3.10. The generalized translation r y is not a positive operator for the 
symmetric group Sd- 
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Proof. The formula T y {xjXk} depends on the values of V K Xj. For symmetric group 
Sd of d objects, the formula of V K Xj is given by 

V K Xj = (1 + Xj + k\x\), \x\=xx+... + x d . 

an + 1 

Let x(j, k) denote the transposition of Xj and x^ variables. It follows that 



T, 



{x*} = {x,j - y,) 2 +kJ2 [V K ((x,y)) - V K ((x(k,j),y))} 



(xj - y 3 ) 2 +K^2[(xj - x k )V K {y 3 - y k )\ 



Mi 

= [xj - yjf + -T— — j- tfe ~ Xk ^yj ~ ■ 

Choosing x = (1, 0, 0, . . . , 0) and y — (0, 2, 2, . . . , 2), we see that T y ({-}1)(x) = 
—((d — 2)k + 1)/(c?k + 1) < 0. This proves the proposition. □ 

Let us point out that, by (|3.2[) . this proposition also shows that V^ 1 is not a 
positive operator for the symmetric group. In the case of Z2, an explicit formula of 
VjT 1 is known ([22) which is not positive. 

3.3. Paley-Wiener theorem and the support of r y . In this subsection we 
prove a sharp Paley-Wiener theorem and study its consequences. The usual ver- 
sion of Paley-Wiener theorem has been already proved by de Jeu in his thesis 
(Leiden, 1994). Another type of Paley-Wiener theorem has been proved in |19| . 
Our result is a refined version of the usual Paley-Wiener which is analogous to 
an intrinsic version of Paley-Wiener theorem for the Fourier transform studied by 
Helgason [Jj. Recently, a geometric form of the Paley-Wiener theorem has been 
conjectured and studied in [SJ. 

Let us denote by {Yj, n : 1 < j < dim Hf^h 2 )} an orthonormal basis of H^h 2 .). 
First we prove a Paley-Wiener theorem for the Dunkl transform. 

Theorem 3.11. Let f S S and B be a positive number. Then f is supported in 
{x : \\x\\ < B} if and only if for every j and n, the function 



F 3 .n{ P ) = p- n / f{px)Y hn {x)K{x)Mx) 
Js d ~ 1 - 

extends to an entire function of p € C satisfying the estimate 

\F j>n {p)\ < C] , n e B ^. 
Proof. By the definition of / and Proposition ^. 31 

f(px)Yj, n (x)h 2 K (x)<L)(x) 



R d JS 



E(y,-ipx)Y j<n (x)h K (x)du(x)f(y)h K (y)dy 



, / x J\ k +n{rp) 2X K +n+lj 
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where c is a constant and 

hn(r) = r- n I f{ry')Y hn {y')hl{y')dLu{y'). 

Thus, Fj <n is the Hankcl transform of order A K + n of the function fj, n (r). The 
theorem then follows from the Paley- Wiener theorem for the Hankel transform (see, 
for example, |SJ). □ 

Corollary 3.12. A function f £ S is supported in {x : \\x\\ < B} if and only if f 
extends to an entire function o/( € C* 1 which satisfies 

1/(01 <ce^l. 

Proof. The direct part follows from the fact that E(x, is entire and \E(x, —i()\ < 
ce IMHI a Cll p p or the converse we look at 

fipy'^niy'KWMy'l p^c 

S d-i 

where du) is the surface measure on S 1 . This is certainly entire and, from the 
proof of the previous theorem, has a zero of order n at the origin. Hence, 

T(py')Yj, n (y')hl(v')My') 

S d-i 

is an entire function of exponential type B, from which the converse follows from 
the theorem. □ 

Proposition 3.13. Let f 6 S be supported in {x : ||a;|| < B}. Then T y f is supported 
in {x : \\x\\ < B + \\y\\}. 

Proof. Let g(x) = r y f(x). Then = E(y,—it;)f(£) extends to C d as an entire 
function of type B + \\y\\. □ 

This property of r y has appeared in |19|. We note that the explicit formula for 
T y shows that the support set of r y given in Proposition 13 . 1 3l is sharp. 
An important corollary in this regard is the following result. 

Theorem 3.14. // / e C£° (R d ) is supported m \\x\\ < B then \\r y f - f\\ p < 

N 

c\\y\\ (B + ||?/||)^" for 1 < p < oo where N = d+ 2j K . Consequently, lim y ^o \\ T yf — 

/ll«, P = o. 

Proof. From the definition we have 

Tyfix) - f(x) = [ (E(y, -iO - 1) E(x, iOfmKO^- 

Using mean value theorem and estimates on the derivatives of E{x,i^) we get the 
estimate 

\\r y f - /Hoc < c\\ y \\ [ \n\m\hiim- 

As T y f is supported in ||a;|| < (J5 + \\y\\) we obtain 

\\r y f-f\\ P <c\\ y \\(B+\\y\\)f 
which goes to zero as y goes to zero. □ 
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4. The generalized convolution 

4.1. Convolution. Recall that in section 3 we have defined the convolution / * K g 
when f,g E L 2 (R d ;h 2 K ) by 



(/*«<?)(*)= / f(y)r x 9 v (y)K(y)dy. 

JR d 

This convolution has been considered in ^]. It satisfies the following basic 
properties: 

(1) f*K9 = /•?; 

(2) / * K g = g * K f. 

We have also noted that the operator / — > f* K g is bounded on L 2 (M. d ; h 2 K ) provided 
g is bounded. We are interested in knowing under what conditions on g the operator 
can be extended to L p as a bounded operator. If only the generalized 
translation operator can be extended as a bounded operator on LP (R d ; h 2 K ) , then 
the convolution will satisfy the usual Young's inequality. At present we can only 
say something about convolution with radial functions. 

Theorem 4.1. Let g be a bounded radial function in L 1 (M. d ; hf^) . Then 



initially defined on the intersection of L 1 (R , h 2 ,) and L 2 (M d ;h 2 l ) extends to all 
L p (ML d ; h 2 K ), 1 < p < oo as a bounded operator. Ln particular, 

(4.1) \\f* K g\\ KtP < ||<?MI/IUp- 

Proof. For g G L 1 (R d ; h 2 .) which is bounded and radial we have \r v g\ < r y \g\ which 
shows that 

/ \r y g(x)\hl(x)dx < / \g{x)\h 2 K (x)dx. 

JR d JR d 

Therefore, 

f \f* K g(x)\hl(x)dx< H/IImIIsIU,!. 

We also have \\f * K g\\oo < ||/||oo||flf||«,i- % interpolation we obtain ||/ * K g\\ K<p < 
ll5lU,ill/IU,P- D 

For (j) £ i 1 (R d ; h 2 .) and e > 0, we define the dilation </> £ by 

(4.2) <t> £ {x) =e~ (2 ^ +d U(x/e). 
A change of variables shows that 

(j> £ (x)h 2 (x)dx — / 4>(x)h 2 i (x)dx, for all e > 0. 



Theorem 4.2. Let </> S L 1 (R d ;/i^) 6e a bounded radial function and assume that 
c h f Rd (j){x)h 2 K {x)dx = 1. Then for f € L p (R d ; h 2 ), 1 < p < oo, and f e C (R d ), 
p = oo, 

lim||/* re £ -/|| K)P = O. 
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Proof. For a given 77 > we choose g e C5" such that \\g — f\\ K ,p < ri/3. The 
triangle inequality and l|4.1J) lead to 

2 

11/ *k 4>e ~ f\\ K ,p - 3^ + \\9 *« <f>e ~ fflUp 

where we have used ||<7 — /|| KjP < 77/3. Since (f> is radial we can choose a radial 
function i\> g Cg° such that 

||0-^lki < (12||.g|k P rV 
If we let a — Ch J Rd *P{y)h 2 (y)dy then by the triangle inequality, (|4.1|l and (|4.2|l . 

11.9** 0e - 9\\k, p < HfflU.pll^ - V'lU.i + 11.9 *k ipe ~ ag\\ K . p + \a - l|||g|U, P 
< »7/6 + \\g *k V'e " ag|U, P 

since ||fl|U, p ||^ - ip\\ K ,i < T2 and 



|o-l| = 

Thus 



Ch / (4> s (x) - ipe(%)) h 2 K (x)dx 



< (i2|MU, P rV 



5 

11/ *« 0e - /||«,p < g?7 + 11.9 V>e - a slkp- 

Hence it suffices to show that \\g * K ip £ — ag\\ K , p < 77/6. 
But now g G A K (R d ) and so 

g* K e (x) = / g(y)T x (% (y)h 2 K {y)dy = T^ x g{y)(j) e (-y)h 2 K (y)dy. 

We also know that T- X g(y) = T_ y g(x) as g £ Cq°. Therefore, 



In view of this 

,..*(.)-,*)-/ (r^.) -*))*<,«<,)* 

which gives by Minkowski's integral inequality 

||g* K ^ £ -atflkp < / — .9lU,pV j e (y)l^-K(y)rfy- 

If (7 is supported in ||x|| < B then the estimate in Theorem 13.141 gives 
\\9 * K i>s - ag\\ K , p < c / (B + \\y\\) * \My)K(y)dy 



<ce / \\vHB + \\ey\\)»Mv)\h 2 K (y)dy 

which can be made smaller that | by choosing e small. This completes the proof 
of the theorem. □ 

The explicit formula in the case of G — 7L\ allows us to prove an analogous result 
without the assumption that 4> is radial, see Section 7. 
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5. SUMMABILITY OF THE INVERSE DUNKL TRANSFORM 

Let $ e L 1 (R d ;/i„) be continuous at and assume $(0) = 1. For / G S and 
£ > define 



It is clear that T £ extends to the whole of L 2 as a bounded operator which follows 
from Plancherel theorem. We study the convergence of T £ f as e — > 0. Note that 
Tq/ = / by the inversion formula for the Dunkl transform. If T e f can be extended 
to all / e L p (R d ; h\) and if T e f -> f in L p (R d ; hi), we say that the inverse Dunkl 
transform is $-summable. 

Proposition 5.1. Let $ and <f> = $ both belong to L 1 (W i ; h 2 .). If $ is radial then 

T s f(x) = (f* K c} >s )(x) 
for all f e L 2 (R d ; h 2 K ) and e > 0. 

Proof. Under the hypothesis on $ both T £ and the operator taking / into (/ * K <fi £ ) 
extend to L 2 (R d ;h 2 .) as bounded operators. So it is enough to verify T e f(x) — 
U '* K, < t ) e){x) for all / in the Schwartz class. By the definition of the Dunkl transform, 



where we have changed variable £ i— ► — £ and used the fact that T- X f{—^) = r^f(x). 



If the radial function cf> satisfies the conditions of Theorem 14.21 we obtain the 
following result. 

Theorem 5.2. Let G L 1 (R d ;h 2 l ) be radial and assume that $ e L 1 ^; h 2 K ) 
is bounded and $(0) = 1. For f € L' p (R d ; hi), T E f converges to f in L p (R d ; hi) as 
e — ► 0, for 1 < p < ao. 

The following remarks on the above theorem are in order. In general the convolu- 
tion f *g of an LP function / with an L 1 function g is not defined as the translation 
operator is not defined for general LP functions even when p = 1. However, when 
g satisfies the conditions of Theorem 14.21 we can define the convolution / * g by 
integrating / against r y g which makes sense, see Definition 3.5. It is in this sense 
the above convolution f * <p e is to be understood. Then as / * ip £ agrees with T e f 
on Schwartz functions and as the convolution operator extends to LP as a bounded 
operator our theorem is proved. 

We consider several examples. In our first example we take $ to be the Gaussian 
function, <i>(x) = e - " 1 " I 2 . By (3) of Proposition (|2.1(l with z = iy and w = 0, 
= e~H x H I 2 . We choose e = \j\[2t and define 





(/ * K <t>e){x) 



□ 



q t { x ) = $ e (z) = (2t)-(7*+!) e -NI 2 /4t. 
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Then qt{x) satisfies the heat equation for the /i-Laplacian, 

A h u(x,t) = d t u(x,t), 

where A^ is applied to x variables. For this $, our summability method is just 
/ * K qt- By (|3.4|l . the generalized translation of q t is given explicitly by 



T y q t (x) = (2t)-^ + #) e -(H-ll 2 + ll^l 2 )/ 4 ^ ( 



_x y_ 

which is the heat kernel for the solution of the heat equation for /i-Laplacian. Then 
a corollary of Theorem 15.21 gives the following result in 14 . 

Theorem 5.3. Suppose f € L p (R d ; h 2 K ), 1 < p < oo or f e C (M d ), p = oo. 

(1) The heat transform 

Htf(x) ■■= {f * K qt){x) = c h / f{y)T y q t (x)hl{y)dy, t > 0, 

converges to f in L p (R d ; h 2 K ) as t — > 0. 

(2) Define Hof(x) = f(x). Then the function H t f{x) solves the initial value 
problem 

A h u(x, t) = d t u(x, t), u(x, 0) = f(x), (x, t) e K d x [0, oo). 

Our second example is the analogue of the Poisson summability, where we take 
$(x) = e 1 1 ^ 1 1 . This case has been studied in ^Hl- m this case, one can compute the 
Dunkl transform $ just as in the case of the ordinary Fourier transform, namely, 
using 

(5.1) e- f = 4= / ^e"* /4u du, 

Jo \/u 

and making use of the fact that the transform of Gaussian is itself (see ^1 p. 6]). 
The result is 



In this case, we define the Poisson kernel as the dilation of $, 

e 



(i + !MI 2 ) 

the Poisso 

(5.2) Pe(x):=c d<K , 

{e 1 + \\x\\ 2 ) * 

Since $(0) = 1, it is easy to see that J P(x, e)h 2 i (x)dx = 1. We have 

Theorem 5.4. Suppose f £ L p (R d ; h 2 K ), 1 < p < oo, or f E C (M d ) ; p = oo. Then 
the Poisson integral f * K P e converges to f in L p (M. d ; h 2 .). 

Again the proof is a corollary of Theorem 15. 21 For k = 0, it becomes the Poisson 
summability for the classical Fourier analysis on R d . We remark that this theorem 
is already proved in M. Rosler's habilitation thesis by using a different method. We 
are thankful to the referee for pointing this out. 

Next we consider the analogue of the Bochner-Riesz means for which 

* (a) = /(i-M a )', N* 1 . 

0, otherwise 
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where 6 > 0. As in the case of the ordinary Fourier transform, we take e = 1/R 
where R > 0. Then the Bochner-Riesz means is defined by 

S S R f(x) =c h j ^ (l - l ^pj f(y)E(ix, y)hl(y)dy. 

Recall that we have defined A K = ^ + 7« an d N = d + 2j K . 

Theorem 5.5. If f £ LP(R d ;h 2 K ), 1 < p < oo, or f £ C Q {R d ), p = oc, and 
5> (N — l)/2, then 

\\S 5 R f-f\\ K , p ^0, asR^oo. 

Proof. The proof follows as in the case of ordinary Fourier transform ^1 p. 171]. 
From Proposition 12 .41 and the properties of the Bessel function, we have 

$(x) = 2^\\x\\-^- s - 1 J Xk+s+1 (\\x\\). 

Hence, by J a {r) = ©(r^ 1 / 2 ), $ £ L 1 ^; h 2 K ) under the condition 5 > X K + 1/2 = 
(N-l)/2. □ 

We note that A K = (d — 2)/2 + j K where j K is the sum of all (nonnegative) 
parameters in the weight function. If all parameters are zero, then h K (x) = 1 and 
we are back to the classical Fourier transform, for which the index (d— l)/2 is the 
critical index for the Bochner-Riesz means. We do not know if the index (N — l)/2 
is the critical index for the Bochner-Riesz means of the Dunkl transforms. 



6. Maximal function and almost everywhere summability 
For / £ L 2 (M. d ; h 2 K ) we define the maximal function M K f by 

M K f(x) = sup I |/ * K XB r (x)\, 

where \B r is the characteristic function of the ball B r of radius r centered at 
and d K =a K /(d + 2 7(t ). Using we have J Br h 2 K (y)dy = (a K /(d + 2-f K ))r d + 2 ^. 
Therefore, we can also write M K f(x) as 



M K f(x) = sup 



|/ R d f(y)TxXB r (y)hl(y)dy\ 



r>o J Br h l(y) d y 

If if £ Co°(R d ) is a radial function such that XB r (x) < f(x) then from Theorem 
it follows that T y XB r (x) < T y ip{x). But T y ip is bounded; hence t v xb t is bounded 
and compactly supported so that it belongs to L p (R d ; h 2 K ). This means that the 
maximal function M K f is defined for all / £ LP (R d ; hfj . We also note that as 
T v XB r > we have M K f{x) < M K \f\(x). 

Theorem 6.1. The maximal function is bounded on L p (IR d ; /i 2 ,) for 1 < p < oo; 
moreover it is of weak type (1, 1), that is, for f £ L 1 (R d ; h 2 K ) and a > 0, 

h 2 K (x)dx< -11/11 M 

E(a) a 

where E(a) — {x : M K f(x) > a} and c is a constant independent of a and f. 
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Proof. Without loss of generality we can assume that / > 0. Let a = d + 2^ K + 1 
and define for j > 0, B r>j = {x : 2- j ~ 1 r < < 2~ j r}. Then 

XBr ,M = {^rY(2-^)-"xB r ,M 

<C(2-ir)-^ ((2 _ ir)2 2 " + ^ ||2)j/2 X ^(,) 

< C(2--'r) ff - 1 P 2 - Jr ( 2/ ), 

where P £ is the Poisson kernel defined in (|5.2|l and C is a constant independent of 
r and j.. Since XB r and P e are both bounded, integrable radial functions, it follows 
from Theorem 13 . 61 that 

r xX B r M < C{2^ry- 1 T x P 2 - ]r {y). 
This shows that for any positive integer m 

/ /(2/)^r xXBr3 (y)^(y) d2/ <C^(2-^)- 1 / f(y)r x P 2 - ]r (y)hl(y)dy 
J&" j=0 j=0 J&" 

<Cr d+2 ^ sup f* K P t (x). 

As SjLoXSr.j(y) converges to XB r (y) in L 1 (R d ;h 2 ), the boundedness of t x on 
LjadCR' 1 ; /£) shows that £™ r x XB r<i (y) converges to T,YB r (y) in L 1 (R d ; B y 
passing to a subsequence if necessary we can assume that Y^jLo t ^Xb t j (y) con- 
verges to T x XB r (y) for almost every y. Thus all the functions involved are uniformly 
bounded by T x \B r (y)- This shows that YHjLo T xXBr,j (v) converges to T x XB r {v) m 
LP'(R d ;h 2 K ) and hence 

^ m „ 

lim / f{y)y^T x XB rij {y)h 2 K {y)dy= I f(y)T x XB r (y) h l(y)dy- 

Thus we have proved that 

/ XB r {x) < Cr d+2 ^ sup / * K P t (x) 
t>o 

which gives the inequality M K f(x) < CP* f(x), where P* f(x) = sup f>0 / * K Pt(x) 
is the maximal function associated to the Poisson semigroup. 

Therefore it is enough to prove the boundedness of P*f. Here we follow a general 
procedure used in J7| . By looking at the Dunkl transforms of the Poisson kernel 
and the heat kernel we infer that 

. roc 

f * K P t (x) = -= / (/ * K q s ){x)e- t2 l 2 ° S ~V 2 ds, 
V 2ir Jo 



which implies, as in ^| p. 49], that 

i r* 

P*f(x) < Csup- / QJ(x)ds, 
t>0 t J 

where Q s f(x) = f * K q s (x) is the heat semigroup. Hence using the Hopf- Dunford- 
Schwartz ergodic theorem as in ^| p. 48], we get the boundedness of P* f on 
L p (R d ; h 2 K ) for 1 < p < oo and the weak type (1,1). □ 
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The maximal function can be used to study almost everywhere convergence of 
/ * K ip e as they can be controlled by the Hardy-Littlewood maximal function M K f 
under some conditions on ip. Recall that N = d + 2j K . 

Theorem 6.2. Let G A K (R d ) be a real valued radial function which satisfies 
\<f>(x)\ <c(l + ||a;||)- Ar - 1 . Then 

sup |/ * K <j) e (x)\ < cM K f(x). 

£>0 

Consequently, f * K <f> £ (x) — > f(x) for almost every x as e goes to for all f in 
L p (R d ; h 2 .), 1< P <^. 

Proof. We can assume that both / and </> are nonncgative. Writing 

oo 

<t>e(y)= < My)x£2J<iiy||< £ 2J+i(y) 

j=—oo 

we have 

m m 

X! ( Pe(y)TxXs2:><\\y\\<£2i + 1 TxXeli <||y||<e23 + 1 (y)- 

j — ~m j=—m 

This shows that 

/ f(y)Mv) E X^<\\y\\<^(y)hl(y)dy<c ^ i 1 + ey)- N - 1 (eV) N M K f(x) 

•' Rd j=-m j=-m 

< cM K f(x). 

Since <fi(y) < c(l + ||j/||) _Ar_1 < cP\(y) it follows that T x (f>(y) < cr x Pi(y) is bounded. 
Arguing as in the previous theorem we can show that the left hand side of the above 
inequality converges to f * K 4> e {x). Thus we obtain 

SUp|/ * K 4>e{x)\ <cM K f(x) 

from which the proof of almost everywhere convergence follows from the standard 
argument. □ 



The above two theorems show that the maximal functions M K f and P*f are 
comparable. As a corollary we obtain almost everywhere convergence of Bochner- 
Riesz means. 

Corollary 6.3. When 5 > the Bochner-Riesz means S^f(x) converges to 

f(x) for almost every x for all f G L p (M. d ; h 2 K ), 1 <p< oo. 

We expect the corollary to be true for all S > as m the case of the Fourier 

transform. This can be proved if in the above theorem the hypothesis on <f) can 
be relaxed to \<f>(x)\ < c(l + ||x||) _Ar_c for some e > 0. Since we do not know 
if T y ((l + ||a;||) _iv_1 ) is bounded or not we cannot repeat the proof of the above 
theorem. 
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7. Product weight function invariant under 1 d 

Recall that in the case G = Zjf, the weight function h K is a product function 

d 

(7.1) h K (x) = Y[\ Xl \ K % Kl >0. 

In this case the explicit formula of the intertwining operator V K is known (see 
(J221) and there is an explicit formula for t v . The following formula is contained in 
|11| . where it is studied under the context of signed hypergroups. 

Theorem 7.1. For G = Z d and h K m l(71|l. 

T y f(x) = T m ■ ■ ■ TyJ(x), y = (yi, ...,y d )e M. d , 
where for G = Z 2 and h K (t) = \t\ K on R, 

$ K (u)du 

§ K {u)du, 



(7.2) r s f(t) =i J f (y/t* + s 2 - 2stu) (l + -^== 

+ 1 y / (- v / t 2 + S 2 -2 S t«) (i - 



V* 2 + s 2 - 2sto 
< - s 



V* 2 + s 2 - 2siu 



where $ K (u) = 6 K (1 + it)(l — u 2 ) K 1 . Consequently, for each y E M. d , the generalized 
translation operator T y for Z 2 extends to a bounded operator on L p (Wi d ; hi). More 
precisely, \\T y f\\ K , p < 3\\f\\ K , p , 1 < p < oo. 

Since the generalized translation operator r y extends to a bounded operator on 
L p (R d ; hi), many results stated in the previous sections can be improved and the 
proofs can be carried out more conveniently as in the classical Fourier analysis. In 
particular, the properties of r y given in Proposition ^. 21 Theorem 13. til and Theorem 
13.81 all hold under the more relaxed condition of / E L 1 (M. d ; hi). 

The standard proof j25 can now be used to show that the generalized convolution 
satisfies the following analogous of Young's inequality. 

Proposition 7.2. Let G = Z 2 . Let p,q,r > 1 and p^ 1 = q^ 1 + r _1 — 1. Assume 
f E L q (R d , hi) and g E L r (W l , h%), respectively. Then 

11/ *k g\\ K , P < c||/|| K , g ||5|| K ,r 

In the following we give several results that improve the corresponding results in 
the previous sections significantly. We start with an improved version of Theorem 
14.21 The boundedness of r y allows us to remove the assumption that 4> is radial. 

Theorem 7.3. Let <fi e L 1 (R. d ,h 2 K ) and assume J Rd 4>{x)h 2 K (x)dx = 1. Then for 
f E LP{R d ; h 2 K ), l<p<oo, or f E C Q (R d ) if p = oo, 

lim||/* K E -/|| K ,p = O, l<p<oo. 

Proof. First we assume that / E C °°(R d ). By Theorem |3~T1 \\T y f(x) - f(x)\\ KjP -> 
as y — > for 1 < p < oo. In general, for / E L p (R d ; h 2 K ) we write f = fi + fa 
where f\ is continuous with compact support and ||/2||«,p < 5. Then the first term 
of the inequality 

\\r v f(x) - f(x)\\ K , p < ||r„/i(x) - /i(x)|| KjP + \\T y f 2 (x) - fa(x)\\ K , p 
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goes to zero as e <— > and the second term is bounded by (1 + c)6 as ||tj,/2||k,p < 
c II/IU,p- This proves that ||r y /(x) — f(x)\\ K ,p —* as y — ► 0. We have then 



Ch / \f*K9e(x)-f(x)\*hl(x)dx 



Ch (Tyf(x)-f(x))g e (y)h 2 K (y)dy 

JR d 

' '•/, / \\Tyf-f\\* \g e (x)\h 2 K (x)dx 



h K (x)dx 



= c h / \\T Ey f - f\\ p \g(x)\h K (x)dx, 
Jm d 

which goes to zero as e — > 0. □ 

Our next result is about the boundedness of the spherical means operator. As 
in [TJJ, we define the spherical mean operator on A K (M. d )by 

S r f(x):=a K T ry f(x)h 2 K (y)duj(y). 
Js- 1 - 1 

The generalized convolution of / with a radial function can be expressed in terms of 
the spherical means S r f. In fact, if / 6 A K (M. d ) and g(x) — go(\\x\\) is an integrable 
radial function then, using the spherical-polar coordinates, 



(/ 9)(x) = c h / T y f(x)g(y)hjy)dy 

= c h I" r 2X » +1 g (r) [ r ry , f (x)h 2 K (y')dy' dr 



= - / S r f(x)g (r)r 2X « +1 dr. 
a K Jo 

We shall make use of this later in this section. Regarding boundedness we have 
Theorem 7.4. Let G = Z d . For f 6 L p (R d , h 2 .), 

\\S r f\\ R , p < c||/|| re ,p, l<p<co. 
Furthermore, \\S r f — f\\ K , P ^ as r — ► 0+. 
Proof. Using Holder's inequality, 

\S r f(x)\P <aj \r ry f(x)\Phl(y)du;(y). 

Hence, a simple computation shows that 

c h I \S r f(x)\Phl(x)dx<c h f a K [ \T ry f(x)\Ph 2 K (y)cLj(y)h 2 K (x)dx 

\\T r yf\\*h 2 K (y)My) 



\\s r f - f\\ p K , P < a. / \\r ry f - fWi^MMv) 

J s d ^ 1 

which goes to zero as r — > since \\T ry f — /|| K , P — > 0. □ 



<c||/|U, P . 

Furthermore, we have 
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We remark that the spherical mean value operator is bounded on LP for any 
finite reflection group not just for G = Zjf. To see this we can make use of a 
positive integral representation of the spherical mean operator proved in |15) . In 
fact it easily follows that S r is actually a contraction on LP spaces. 

The boundedness of r y f in L p (M. d ; h 2 K ) also allows us to relax the condition of 
Theorem 16. 21 

Theorem 7.5. SetG = l%. Let <j>{x) = M\\ x \\) G L 1 {M d , h 2 K ) be a radial function. 
Assume that fa is differentiate, lim^oo (f>o{r) — and J °° r 2XK+2 \4>o(r)\dr < oo, 
then 

!(/*« 4>)(x)\ < cM K f(x). 
Ln particular, if ' <j> £ L 1 (M d ,h 2 .) and Ch J^ d 4>{x)h 2 K {x)dx = 1, then 

(1) For 1 < p < oo, / * K <f> e converges to f as e — ► in L p (M. d ; h 2 .); 

(2) For f £ L 1 (K d , h.%), (/ * K <fie){%) converges to f(x) as e — > for almost all 
x £ R d . 

Proof. By definition of the spherical means Stf, we can also write 

M K f( X ) = SUp IJ ° f r t 2A li)' 
r>0 J Q t 2A * +1 dt 

Since |M K /(x)| < cM K |/|(x), we can assume f(x) > 0. The assumption on (j>o 
shows that 

lim Mr) f S t f(x)t 2X * +1 dt = lim o (r) f T y f(x)h 2 K (y)dy 

= lim Mr) f f(y)h 2 K (y)dy = 0. 
Hence, using the spherical-polar coordinates and integrating by parts, we get 

/>OC 

(/*«<£)(*) = I Mr)r 2X * +1 S r f{x)dr 

S t f{x)t 2X * +1 dtcp'{r)dr, 

Jo Jo 
which implies that 

POO 

\(f * K 4>)(x)\ < cM K f(x) / r 2X -+ 2 \Mr)\dr, 
Jo 

the boundedness of the last integral proves the maximal inequality. □ 

As an immediate consequence of the this theorem, the Bochner-Riesz means 
converge almost everywhere if 6 > (N — l)/2 for G = Zf, which closes the gap left 
open in Corollary 16. 31 

We can further enhance Thcorem l7.5l bv removing the assumption that (f> is radial. 
For this purpose, we make the following simple observation about the maximal 
function: If / is nonnegative then we can drop the absolute value sign in the 
definition of the maximal function, even though r y f may not be nonnegative. 

Lemma 7.6. Lf f £ L 1 {W i ,h 2 K ) is a nonnegative function then 

f Br T yf( x ) h l(y) d y 



M K f(x) = sup 



r>o f Br h l(y) d y 
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In particular, if f and g are two nonnegative functions then 

MJ + M K g = M K {f + g). 
Proof. Since T v XB r {x) is nonnegative, we have 

(/*«XB r )0) = / f(y)T v XB r ( x ) h l(y)dy 



is nonnegative if / is nonnegative. Hence we can drop the absolute value sign in 
the definition of M K f. □ 

Theorem 7.7. Set G = Z$. Let £ L x (R d ,h 2 K ) and let </>0) = ^o(||x||) £ 
i 1 (M d ,ft,^) be a nonnegative radial function such that \(j)(x)\ < i)(x). Assume 
that ipo is differentiable, linv^oo ipo( r ) = an d J Q r 2A " +2 |'iAj( r )M r < °°- Then 
sup e>0 |/ * K 4>e(x)\ is of weak type (1,1)- In particular, if <fi £ L 1 {W i ,h 2 K ) and 
Ch J R d 4*(x)h 2 K (x)dx = 1, then for f £ L 1 (IR d , hf.), (/ * K <j> e )(x) converges to f(x) as 
e — > for almost all x £ M. d . 

Proof. Since M R f[x) < M K \f\(x), we can assume that f(x) > 0. The proof uses 
the explicit formula for r y f. Let us first consider the case of d = 1. Since ip is an 
even function, T y ip is given by the formula 

Ty f(x) = J J (^x 2 +y 2 -2xytj *„(t)dt 

by (|7.2I) . Since (x — y)(l + 1) = (x — yt) — (y — xt), we have 

\x - y\ 



\/ x 1 + y 2 — 2xyt 

Consequently, by the explicit formula of r y f (|7.2(l . the inequality \4>(x)\ < i^(x) 



--(1+t) < 2 
y/x A + y A — 'Zxyi 

, by the explicit formula of t. 
implies that , 

\t v 4>{x)\ < T v ijj{x) + 2f y ljj(x), 

where T y ip is defined by 



Ty^(x)=b K j f[^x 2 +y 2 -2xyt) {l-t^^dt. 

Note that Tyip differs from T y ip by a factor of in the weight function. Changing 

variables 1 > — t and y i— > — j/ in the integrals shows that 



f(y)T y ip(x)h K (y)dy = / F(y)T y ->jj(x)h K (y)dy. 
where F(y) = (f{y) + /(— y))/2. Hence, it follows that 



K/*«0)(aOI 



f(y)r y (f>(x)h 2 K (y)dy 



< {f* K iP)(x)+2(F* K iP){x). 



The same consideration can be extended to the case of Z2 for d > 1. Let {ei, . . . , e^} 
be the standard Euclidean basis. For <L = ±1 define x<5j = x — (1 + 6j)xjej (that 
is, multiplying the j-th component of x by 6j gives x8j). For 1 < j < d we define 

^•,,..i fe = 2 k £ /(^A •••«,»)• 
(^....AJezJ} 
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In particular, Fj(x) = (F(x) + F(x5j))/2, F jlj2 (x) = (F(x) + F(xS h ) + F(xS h ) + 
F(x8j 1 6j 2 ))/4, and the last sum is over Zjf, Fi,... t d(x) = 2~ d J2 a <£Z d f( xcr )- Follow- 
ing the proof in the case of d = 1 it is not hard to see that 

d 

\(f *k #)(x)\ < (/ * K i>){x) + 2^(^ * K i>)(x) + 4 J2 (F juh * K $){x) 

+ ... + 2 d (F 1 .... 4 * n 1>)(x). 

For G = V21 the explicit formula of r y shows that M K f(x) is even in each of its 
variables. Hence, applying the result of the previous theorem on each of the above 
terms, we get 

d 

\(f *k <t>){x)\ < MJ(x) +2j2M K F j (x) + 4 J2 M K F jl4a [x) 

> + ... + ,/i.n. 

Since all Fj are clearly nonnegative, by Lemma |7.fil the last expression can be 
written as M K H, where H is the sum of all functions involved. Consequently, since 
\\Fju:,j d \U,i < 11/IU.i, it Allows that 

/ hjy)dy<c < c d . 

J{x:(/* K 0)(a;)>a} a a 

Hence, / * K <p is of weak type (1, 1), from which the almost everywhere convergence 
follows as usual. □ 

We note that we do not know if the inequality |(/ * K 4>)(x)\ < cM K f(x) holds 
in this case, since we only know M K {R{8)f){x) — R(S)M K f(x) = M K f(x5) 7 where 
R(S)f(x) = f(xS) for S £ G, from which we cannot deduce that M K Fj lt ...j k (x) < 
cMJ(x). 
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